Hiremonk. T Solhion

1. Sec. 5.2 Q11

11. Let A be an n X n matrix that is similar to an upper triangular ma-
trix and has the distinct eigenvalues A1, Ao, ..., A with corresponding
multiplicities mq,mo, ..., mg. Prove the following statements.

(a) tr(A):Zmi)\i
(b) det(A) = (A1) (A2)™2 -+ (Ak)™*.
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2. Sec. 5.2 Q13

13. Let A € My« (F). Recall from Exercise 14 of Section 5.1 that A and
A? have the same characteristic polynomial and hence share the same
eigenvalues with the same multiplicities. For any eigenvalue A of A and
At let Ey and E) denote the corresponding eigenspaces for A and A,
respectively.

(a) Show by way of example that for a given common eigenvalue, these
two eigenspaces need not be the same.

(b) Prove that for any eigenvalue A, dim(Ey) = dim(E}).

(c) Prove that if A is diagonalizable, then A* is also diagonalizable.
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3. Sec. 5.2 Q22

22. Let T be a linear operator on a finite-dimensional vector space V, and
suppose that the distinct eigenvalues of T are A1, Ao, ..., Ax. Prove that

span({z € V: x is an eigenvector of T}) = Ey, B E\, ®--- B Ej,.
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4. Sec. 5.4 Q13

13. Let T be a linear operator on a vector space V, let v be a nonzero vector
in V, and let W be the T-cyclic subspace of V generated by v. For any
w € V, prove that w € W if and only if there exists a polynomial g(t)
such that w = ¢g(T)(v).
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5. Sec. 5.4 Q23

23.

Let T be a linear operator on a finite-dimensional vector space V, and

let W be a T-invariant subspace of V. Suppose that v, v, ..

eigenvectors of T corresponding to distinct eigenvalues. Prove that if
v1+ve+---4vg isin W, then v; € W for all . Hint: Use mathematical

induction on k.
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